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Abstract
We prove results on the distribution of points in an orbit of PGLð2; qÞ acting on an element
of GFðqnÞ: These results support a conjecture of Klapper. More precisely, we show that the
points in an orbit are uniformly distributed if n is small with respect to q:
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let q be a prime power, nX3 an integer, and x a deﬁning element of the ﬁnite ﬁeld
GFðqnÞ over GFðqÞ; i.e., GFðqnÞ is obtained from GFðqÞ by adjoining x: The
projective general linear group PGLð2; qÞ over GFðqÞ acts on GFðqnÞ,fNg by
linear fractional transformations. We restrict the attention to the action on the
element x: The action of the matrix
M ¼ a b
c d
 !
; a; b; c; dAGFðqÞ; ad  bca0;
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on x is given by
MðxÞ ¼ axþ b
cxþ d:
An orbit orbitðxÞ of PGLð2; qÞ is deﬁned as
orbitðxÞ ¼ fMðxÞ : MAPGLð2; qÞg:
Motivated by a conjecture of Klapper [5], we investigate the distribution of points in
orbitðxÞ: More precisely, we prove upper bounds on the number of points of orbitðxÞ
in a restricted range of powers of a ﬁxed primitive element gAGFðqnÞ: A ﬁrst crude
bound on
jorbitðxÞ-fgr; grþ1;y; grþk1gj
with kpqn  1 can be easily obtained. The following result is mentioned in Klapper
[5] (see also [7, Proposition 1; 8, Proposition 15]).
Proposition 1. If 1pkptðqn  1Þ=ðq  1Þ with a positive integer tpq  1; then for any
integer r we have
jorbitðxÞ-fgr; grþ1;y; grþk1gjptðq2 þ qÞ:
Equality holds if k ¼ tðqn  1Þ=ðq  1Þ:
Proof. Put
P0 ¼ M ¼
a b
0 1
 !
: a; bAGFðqÞ; aa0
( )
ð1Þ
and
P1 ¼ M ¼
a b
1 d
 !
: a; b; dAGFðqÞ; ad  ba0
( )
: ð2Þ
By the deﬁnition of x; we obviously have
jorbitðxÞj ¼ jfMðxÞ : MAP0,P1gj ¼ jP0,P1j ¼ q3  q:
Note that g jðq
n1Þ=ðq1ÞAGFðqÞ for any integer jX0: We can restrict ourselves to the
case t ¼ 1; since we have MðxÞAfgr; grþ1;y; grþk1g if and only if
g jðq
n1Þ=ðq1ÞMðxÞAorbitðxÞ-fgrþjðqn1Þ=ðq1Þ;y; grþk1þjðqn1Þ=ðq1Þg:
If k ¼ ðqn  1Þ=ðq  1Þ; then for each MAP0,P1 exactly one of the elements
g jðq
n1Þ=ðq1ÞMðxÞAorbitðxÞ with 0pjpq  2 lies in fgr; grþ1;y; grþk1g: Therefore,
jorbitðxÞ-fgr; grþ1;y; grþk1gj ¼ q
3  q
q  1 ¼ q
2 þ q:
For koðqn  1Þ=ðq  1Þ the desired upper bound is an immediate consequence. &
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We can easily deduce the following corollary.
Corollary 1. If tðqn  1Þ=ðCðq  1ÞÞpkptðqn  1Þ=ðq  1Þ with a constant CX1;
then we have
jorbitðxÞ-fgr; grþ1;y; grþk1gjpCkðq
3  qÞ
qn  1 :
This result is closely connected with the conjecture of Klapper [5] that there exists
a constant C40 such that (if kXðqn  1Þ=ðq3  qÞ)
jorbitðxÞ-fgr; grþ1;y; grþk1gjoC kðq
3  qÞ
qn  1 ; ð3Þ
where C is independent of k and n: For example, (3) with C42 holds true if
kXðqn  1Þ=ð2ðq  1ÞÞ: Our main result improves on Corollary 1 if n is small with
respect to q and hence it supports Klapper’s conjecture.
Theorem 1. For any integers r and
kX
2ðn  1Þ2ðqn  1Þðlogððqn  1Þ=ðq  1ÞÞ þ 1Þ
ðC  1Þðq2  1Þ
with a constant C41 we have
jorbitðxÞ-fgr; grþ1;y; grþk1gjoC kðq
3  qÞ
qn  1 :
The proof of Theorem 1 is based on a bound on multiplicative character sums of
the form X
ZAorbitðxÞ
wðZÞ:
We prove the character sum bound in Section 2 and Theorem 1 in Section 3. A more
general upper bound on jorbitðxÞ-fgr; grþ1;y; grþk1gj is, in fact, shown in the
proof of Theorem 1.
Besides the multiplicative distribution of orbitðxÞ we also investigate its additive
distribution. As the ordering GFðqnÞ ¼ f1; g; g2;y; gqn2g corresponds to the
multiplicative structure of GFðqnÞ; the following orderings correspond to the
additive structure of GFðqÞ and GFðqnÞ; respectively. They can be regarded as
generalizations of the natural ordering f0; 1;y; p  1g of GFðpÞ when p is a prime.
If q ¼ ps with a prime p; then let fb1; b2;y; bsg be a basis of GFðqÞ over
GFðpÞ and fb1;b2;y;bng be a basis of GFðqnÞ over GFðqÞ with bn ¼ 1:
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We order the elements of GFðqÞ by
xl ¼ l1b1 þ l2b2 þ?þ lsbs; 0plpq  1;
if
l ¼ l1 þ l2p þ?þ lsps1; 0pl1; l2;y; lspp  1;
and the elements of GFðqnÞ by
xl ¼ xl1b1 þ xl2b2 þ?þ xlnbn; 0plpqn  1;
if
l ¼ l1 þ l2q þ?þ lnqn1; 0pl1; l2;y; lnpq  1:
Analogously to Proposition 1, the following results can be easily veriﬁed.
We use the facts that orbitðxÞ is invariant under shifts by elements of GFðqÞ and
that bn ¼ 1:
Proposition 2. If 1pLptqn1 for a positive integer tpq; then for any aAGFðqnÞ
we have
jorbitðxÞ-faþ xl : 0plpL  1gjptðq2  1Þ:
Equality holds for L ¼ tqn1:
Corollary 2. If tqn1=CpLptqn1 with a constant CX1; then we have
jorbitðxÞ-faþ xl : 0plpL  1gjpC
Lðq3  qÞ
qn
:
Bounds on the additive character sums
X
ZAorbitðxÞ
cðZÞ
yield the following improvement.
Theorem 2. For any aAGFðqnÞ and
LX
3nðn  1Þqn log q
ðC  1Þðq2  1Þ
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with a constant C41 we have
jorbitðxÞ-faþ xl : 0plpL  1gjpC
Lðq3  qÞ
qn
:
We prove the character sum bound in Section 4 and Theorem 2 in Section 5. A
more general upper bound on jorbitðxÞ-faþ xl : 0plpL  1gj is shown in the
proof of Theorem 2.
2. Multiplicative character sums
Theorem 3. Let x be a defining element of GFðqnÞ over GFðqÞ with nX3 and
w be a multiplicative character of GFðqnÞ of order qn  1: Then for integers j with
0pjpqn  2 we have
X
ZAorbitðxÞ
w jðZÞ

 ¼
q3  q; if j ¼ 0;
0; if jc0 mod ðq  1Þ;
(
and
X
ZAorbitðxÞ
w jðZÞ

o2ðn  1Þ2ðq2  qÞ
if 0aj 
 0 mod ðq  1Þ:
Proof. For j ¼ 0 the result is trivial. Thus, we can assume that w j is a nontrivial
multiplicative character of GFðqnÞ: The character w j restricted to GFðqÞ is trivial if
and only if j 
 0 mod ðq  1Þ; and we have
X
xAGFðqÞ
w jðxÞ ¼ 0; jc0 mod ðq  1Þ;
q  1; 0aj 
 0 mod ðq  1Þ:
(
From [1, Section 3] (see also [4]) we know that
X
xAGFðqÞ
w jðxþ xÞ

pðn  1Þq1=2:
Moreover, we have
X
ZAorbitðxÞ
w jðZÞ

p
X
MAP0
w jðMðxÞÞ

þ
X
MAP1
w jðMðxÞÞ

;
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where the sets P0 and P1 are deﬁned by (1) and (2), respectively. For the ﬁrst sum
we have
X
MAP0
w jðMðxÞÞ

 ¼
X
a;bAGFðqÞ
aa0
w jðaxþ bÞ


¼
X
aAGFðqÞ
aa0
w jðaÞ


X
b0AGFðqÞ
w jðxþ b0Þ


¼ 0; jc0 mod ðq  1Þ;
pðq  1Þðn  1Þq1=2; 0aj 
 0 mod ðq  1Þ;
(
and for the second sum
X
MAP1
w jðMðxÞÞ


¼
X
a;b;dAGFðqÞ
baad
w jðaxþ bÞwjðxþ dÞ


p
X
aAGFðqÞ
aa0
w jðaÞ


X
b0AGFðqÞ
w jðxþ b0Þ


X
dAGFðqÞ
w jðxþ dÞ

þ q
0
@
1
A
þ
X
bAGFðqÞ
ba0
w jðbÞ


X
dAGFðqÞ
w jðxþ dÞ


¼ 0; jc0 mod ðq  1Þ;
pðq  1Þððn  1Þ2q þ q þ ðn  1Þq1=2Þ; 0aj 
 0 mod ðq  1Þ:
(
Combining these estimates, we get the result after simple calculations. &
3. Proof of Theorem 1
We can assume that kpqn  1: Let w be a multiplicative character of GFðqnÞ of
order qn  1: Since
1
qn  1
Xqn2
j¼0
w jðzÞ ¼ 1; z ¼ 1;
0; 1azAGFðqnÞ;
(
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we have
jorbitðxÞ-fgr; grþ1;y; grþk1gj
¼ 1
qn  1
Xqn2
j¼0
Xrþk1
l¼r
X
ZAorbitðxÞ
w jðZglÞ
pkðq
3  qÞ
qn  1 þ
1
qn  1
Xqn2
j¼1
X
ZAorbitðxÞ
w jðZÞ


Xrþk1
l¼r
w jðglÞ


okðq
3  qÞ
qn  1 þ
2ðn  1Þ2ðq2  qÞ
qn  1
XðqnqÞ=ðq1Þ
j0¼1
Xrþk1
l¼r
w j
0ðq1ÞðglÞ


 !
by Theorem 3. By [11, Chapter 3, Exercise 11] we have
XðqnqÞ=ðq1Þ
j0¼1
Xrþk1
l¼r
w j
0ðq1ÞðglÞ

pq
n  1
q  1 log
qn  1
q  1
 
þ 1
 
:
Hence,
jorbitðxÞ-fgr; grþ1;y; grþk1gjokðq
3  qÞ
qn  1 þ 2ðn  1Þ
2
q log
qn  1
q  1
 
þ 1
 
for any integers kX1 and r: If k satisﬁes the lower bound in Theorem 1, then
we get
jorbitðxÞ-fgr; grþ1;y; grþk1gjoC kðq
3  qÞ
qn  1 : &
With the abbreviation N1 ¼ jorbitðxÞ-fgr; grþ1;y; grþk1gj; the proof of
Theorem 1 shows that
N1  kðq
3  qÞ
qn  1

o2ðn  1Þ2q log qn  1q  1
 
þ 1
 
:
This may be viewed as a result about the uniform distribution of orbits in certain
multiplicatively deﬁned subsets of GFðqnÞ; in case n is small with respect to q: This
result is close to a conjecture of Klapper and Goresky [7, Section 6; 8, Section VIII].
(The results of [7,8] are generalized in [6].)
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4. Additive character sums
Theorem 4. Let x be a defining element of GFðqnÞ over GFðqÞ with nX3: Let c be the
canonical additive character of GFðqnÞ and denote by TrðXÞ ¼ X þ X q þ?þ X qn1
the trace of GFðqnÞ onto GFðqÞ: Then for mAGFðqnÞ we have
X
ZAorbitðxÞ
cðmZÞ


¼ q3  q; m ¼ 0;
¼ 0; TrðmÞa0;
pðn  1Þq2 þ q; TrðmÞ ¼ 0; ma0:
8><
>:
We prove Theorem 4 after a preliminary lemma.
Lemma 1. If mAGFðqnÞ with TrðmÞ ¼ 0 and ma0; then we have
X
b;dAGFðqÞ
c
bm
xþ d
 
p
ðn  2Þq; TrðmxÞa0;
ðn  3Þq; TrðmxÞ ¼ 0:
(
Proof. By using [9, eq. (5.7)], we obtain
X
bAGFðqÞ
c
bm
xþ d
 
¼ 0; Trðm=ðxþ dÞÞa0;
q; Trðm=ðxþ dÞÞ ¼ 0:
(
Now we have
Tr
m
xþ d
 
¼
Xn1
i¼0
mq
i
xq
i þ d ¼
Pn1
i¼0 m
qi
Qn1
j¼0
jai
ðxq j þ dÞQn1
j¼0 ðxq
j þ dÞ :
Since the polynomial
FðXÞ ¼
Xn1
i¼0
mq
i
Yn1
j¼0
jai
ðxq j þ X Þ
has leading coefﬁcient TrðmÞ ¼ 0 and the coefﬁcient of X n2 is
Xn1
i¼0
mq
i
Xn1
j¼0
jai
xq
j ¼
Xn1
i¼0
mq
iðTrðxÞ  xqiÞ ¼ TrðmÞ TrðxÞ  TrðmxÞ
¼  TrðmxÞ;
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it has degree n  2 if TrðmxÞa0 and degree at most n  3 if TrðmxÞ ¼ 0: Since
FðxÞ ¼ m
Yn1
j¼1
ðxq j  xÞa0;
FðX Þ is not the zero polynomial. Hence, FðX Þ has at most n  2 zeros if TrðmxÞa0
and at most n  3 zeros if TrðmxÞ ¼ 0; and so we get
X
b;dAGFðqÞ
c
bm
xþ d
 
p
X
dAGFðqÞ
X
bAGFðqÞ
c
bm
xþ d
 

p ðn  2Þq; TrðmxÞa0;ðn  3Þq; TrðmxÞ ¼ 0:
(
&
Proof of Theorem 4. For m ¼ 0 the assertion is trivial, and so we can assume that
ma0: We have
X
ZAorbitðxÞ
cðmZÞ

pS0ðmÞ þ S1ðmÞ;
where
S0ðmÞ :¼
X
MAP0
cðmMðxÞÞ

 ¼
X
a;bAGFðqÞ
aa0
cðmðaxþ bÞÞ


¼
X
aAGFðqÞ
aa0
cðamxÞ


X
bAGFðqÞ
cðbmÞ


and
S1ðmÞ :¼
X
a;b;dAGFðqÞ
baad
c m
axþ b
xþ d
 

¼
X
aAGFðqÞ
cðamÞ


X
b0 ;dAGFðqÞ
b0a0
c
b0m
xþ d
 

p
X
aAGFðqÞ
cðamÞ

 q þ
X
b0;dAGFðqÞ
c
b0m
xþ d
 

0
@
1
A:
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If TrðmÞa0; then we have
S0ðmÞ ¼ S1ðmÞ ¼ 0:
If TrðmÞ ¼ 0; ma0; then we have
S0ðmÞ ¼
q; TrðmxÞa0;
q2  q; TrðmxÞ ¼ 0;
(
and
S1ðmÞp
ðn  1Þq2; TrðmxÞa0;
ðn  2Þq2; TrðmxÞ ¼ 0;
(
by Lemma 1. Simple calculations complete the proof. &
5. Proof of Theorem 2
We can assume that Lpqn: Let c be the canonical additive character of GFðqnÞ:
Since
1
qn
X
mAGFðqnÞ
cðmzÞ ¼ 1; z ¼ 0;
0; zAGFðqnÞ;
(
we have
jorbitðxÞ-faþ xl : 0plpL  1gj
¼ 1
qn
X
mAGFðqnÞ
XL1
l¼0
X
ZAorbitðxÞ
cðmðZ a xlÞÞ
p 1
qn
X
mAGFðqnÞ
X
ZAorbitðxÞ
cðmZÞ


XL1
l¼0
cðmxlÞ


pLðq
3  qÞ
qn
þ ðn  1Þq
2 þ q
qn
X
mAGFðqnÞ
TrðmÞ¼0;ma0
XL1
l¼0
cðmxlÞ


by Theorem 4.
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Next we show that
X
mAGFðqnÞ
TrðmÞ¼0;ma0
XL1
l¼0
cðmxlÞ

psðn  1Þqn1 4p2 log p þ 1:38
 
; ð4Þ
where q ¼ ps: If mAGFðqnÞ with TrðmÞ ¼ 0 and ma0; then cðmðxl þ xbnÞÞ ¼
cðmðxl þ xÞÞ ¼ cðmxlÞ for all xAGFðqÞ; and so
Xqn11
l¼0
cðmxlÞ ¼
1
q
Xqn1
l¼0
cðmxlÞ ¼ 0:
If L ¼ L0 þ L1qn1 with 0pL0pqn1  1; then we have
XL1
l¼0
cðmxlÞ ¼
XL11
l1¼0
Xqn11
l0¼0
cðmðxl0 þ xl1ÞÞ þ
XL01
l0¼0
cðmðxl0 þ xL1ÞÞ ¼
XL01
l0¼0
cðmxl0Þ;
and so we may restrict ourselves to the case Lpqn1  1: Now we proceed
as in the proof of [10, Lemma 3] or [12, Section 3]. Note that fdj : 1pjpsng
with dj :¼ bj1bj2 if j ¼ j1 þ ð j2  1Þs; 1pj1ps; 1pj2pn; is a basis of GFðqnÞ over
GFðpÞ; i.e.,
xl ¼ l1d1 þ l2d2 þ?þ lsndsn; 0plpqn  1;
if
l ¼ l1 þ l2p þ?þ lsnpsn1; 0pl1; l2;y; lsnpp  1:
For j ¼ 1;y; sðn  1Þ deﬁne
Mj ¼ fmAGFðqnÞ : TrðmÞ ¼ 0;cðmd1Þ ¼? ¼ cðmdj1Þ ¼ 1;cðmdjÞa1g:
Then we can write
X
mAGFðqnÞ
TrðmÞ¼0;ma0
XL1
l¼0
cðmxlÞ

 ¼
Xsðn1Þ
j¼1
X
mAMj
XL1
l¼0
cðmxlÞ

: ð5Þ
Now we ﬁx mAMj; 1pjpsðn  1Þ; and consider the sum
XL1
l¼0
cðmxlÞ:
For 0plpL  1opsðn1Þ  1 we have
xl ¼ l1d1 þ l2d2 þ?þ lsðn1Þdsðn1Þ; 0pl1; l2;y; lsðn1Þpp  1;
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where l ¼ l1 þ l2p þ?þ lsðn1Þpsðn1Þ1: This yields
cðmxlÞ ¼ cðmdjÞlj?cðmdsðn1ÞÞlsðn1Þ
with cðmdjÞa1: We write
L  1 ¼ r1 þ r2p þ?þ rsðn1Þpsðn1Þ1; 0pr1; r2;y; rsðn1Þpp  1:
If jpsðn  1Þ  1 and ðljþ1;y; lsðn1ÞÞaðrjþ1;y; rsðn1ÞÞ; then by ﬁxing
l1;y; lj1; ljþ1;y; lsðn1Þ
and summing cðmxlÞ over lj ¼ 0; 1;y; p  1 we get 0: Therefore, in the range of
summation l ¼ 0; 1;y; L  1 we are left with the terms cðmxlÞ for which
ðljþ1;y; lsðn1ÞÞ ¼ ðrjþ1;y; rsðn1ÞÞ: Thus,
XL1
l¼0
cðmxlÞ

 ¼
X
l1;y;lj
cðmdjÞlj

; ð6Þ
where the last sum is over all l1;y; lj with
l1 þ l2p þ?þ ljp j1pr1 þ r2p þ?þ rjp j1:
Identity (6) holds trivially for j ¼ sðn  1Þ as well. If rja0; then by (6) we obtain
XL1
l¼0
cðmxlÞ

pp j1
Xrj1
lj¼0
cðmdjÞlj

þ p j1 ¼ p j1
cðrjmdjÞ  1
cðmdjÞ  1

þ p j1;
and this holds trivially for rj ¼ 0 as well. For ﬁxed 1pjpsðn  1Þ this yields
X
mAMj
XL1
l¼0
cðmxlÞ

p p j1psðn1Þj
Xp1
u¼1
sinðprju=pÞ
sinðpu=pÞ

þ p j1psðn1Þjðp  1Þ
p psðn1Þ1 4
p2
p log p þ 0:38p þ 0:7
 
þ psðn1Þ1ðp  1Þ;
where we used [12, Lemma 5] in the ﬁrst step and [2, Theorem 1] in the second step.
In view of (5), we have thus established (4). Simple calculations yield then the result
of the theorem. &
With the abbreviation N2 ¼ jorbitðxÞ-faþ xl : 0plpL  1gj; the proof of
Theorem 2 shows that
N2  Lðq
3  qÞ
qn

o3nðn  1Þq log q:
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This may be viewed as a result about the uniform distribution of orbits in certain
additively deﬁned subsets of GFðqnÞ; in case n is small with respect to q:
6. Final remarks
If L is a power of p or more generally if we consider the distribution of orbitðxÞ in
subsets faþ z : zAUg; where U is an additive subgroup of GFðqnÞ of cardinality L
with U-GFðqÞ ¼ f0g; then we get the slightly better result
jorbitðxÞ-faþ z : zAUgjpC Lðq
3  qÞ
qn
if
LX
ððn  1Þq þ 1Þqn
ðC  1Þðq3  qÞ ;
since X
mAGFðqnÞ
TrðmÞ¼0;ma0
X
zAU
cðmzÞ

 ¼ qn1
(see the proof of [14, Lemma 3.4]).
The method of this paper can also be used to investigate the distribution of
orbitðxÞ in subsets of the form
faþ l1d1 þ l2d2 þ?þ ludu : 0plipLi  1; i ¼ 1; 2;y; ug;
where d1; d2;y; du are linearly independent over GFðpÞ and 0pL1; L2;y; Lupp  1
(cf. [3,13, Lemma 6]).
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